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Abstract 
A homeomorphism f : X ---t X of a metric space X with metric d is expansive if there is c > 0 
such that if x, y E X and z # y, then there is an integer n E Z such that d(f”(x), fn(y)) > c. 
In this paper, we investigate expansive homeomorphisms on (noncompact) surfaces with n holes 
(n 3 1). Let n be a natural number. We prove that if A4 is a closed 2-manifold (= surface) with M # 
S2, P2, K2, then the surface M(n) with n holes (n 3 1) admits an expansive homeomorphism, 
where S2, P2 and K2 are the 2-sphere, the projective plane and Klein bottle, respectively, and 
M(n) is the (noncompact) surface obtained by deleting from M n disjoint (closed) 2-cells and 
we assume that M(n) has the restricted metric of that for M. For the cases M = K2, P’, S2 
we obtain the following: (1) if M = P2 or K2 and n # 1,2, then M(n) admits an expansive 
homeomorphism; (2) if M = S2 and n # 3, then M(n) admits an expansive homeomorphism. 
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1. Introduction 
All spaces considered in this paper are assumed to be metric spaces. Maps are con- 
tinuous functions. By a su$ace we mean a closed 2-manifold. Let M be a surface with 
a metric d. For each natural number n. >, 1, M (TL) denotes the (noncompact) surface 
obtained by deleting from M n disjoint 2-cells, i.e., M(n) = M - Uy=“=, Bi, where 
Bi (i = l,... , n) are disjoints closed disks in M. Then we assume that M(n) has the 
restricted metric d 1 (M(n) x M(n)) of the metric d for M. 
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A homeomorphism f : X + X of a metric space X with metric d is called expan- 
sive [ 1,171 if there is a constant c > 0 such that for any 2, y E X and 2 # y, then there 
is an integer n E Z such that 
Let A be a closed subset of a metric space X. A map f : X + X is positively expansive 
on A if there is a constant c > 0 such that if Z, y E A and z # y, then there is a natural 
number n 2 0 such that d(f” (z), fn(y)) > c. In case of X = A, we say that f is 
positively expansive. 
There is a question what manifolds (or spaces) admit expansive homeomorphisms. 
Several examples of existence and nonexistence of such homeomorphisms are known. 
The circle S’ and a closed 2-cell B2 admit no expansive homeomorphism [6], and, 
moreover, there is no (nondegenerate) locally connected plane continuum admitting an 
expansive homeomorphism [7]. If A4 is an orientable surface and M # S2, then M 
admits an expansive homeomorphism (see O’Brien and Reddy [13] and Reddy [ 161). S2, 
P2, K2 and the connected sum T2 # P2 admit no expansive homeomorphisms, where T2 
is the torus (see Hiraide [5] and Lewowicz [l 11). In the noncompact case, Kouno [lo] 
proved that if M is a closed n-manifold (n > 1) and J is an open interval, then M x J 
admits an expansive homeomorphism with respect to the usual metric on M x J. By 
using this result, he proved that there exists an expansive homeomorphism of an open 
n-ball (n 2 2) (see also [16]). 
In this paper, we investigate the existence of expansive homeomorphisms on (noncom- 
pact) surfaces with n holes (n 3 1). In fact, combining the homeomorphism constructed 
by Kouno [lo] with the idea of attractors of shift maps, we prove the following theorem: 
Theorem 1. Let n be a natural number If M is a sur$ace and M # S2, P2, K2, then 
the sur&ace M(n) (n 2 1) with n holes admits an expansive homeomorphism. For the 
other cases, the following are true: 
(1) If M = P2 or K2 and n # 1,2, then M(n) admits an expansive homeomorphism. 
(2) If M = S2 and n # 3, then M(n) admits an expansive homeomorphism. 
2. Proof of Theorem 1 
Let F : X + X be a homeomorphism of a metric space X with metric d and let A 
be a closed subset of X. Then A is an attractor of F if there is an open neighborhood 
N of n such that F(Cl(N)) c N and A = n,,,, Fn (IV). Moreover, if for each z E X, 
lim,,, d(F”(z), A) = 0, then n is called a global attractor of F, where d(A, B) = 
inf{d(a,b) 1 a E A, b E B}. 
Let M be a closed manifold and J = (0, 1) the open unit interval. Now, we recall the 
Kouno’s expansive homeomorphisms on M x J. In this paper, we use only the case that 
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M is a circle. For each natural number lc let Ik = [ 1 /(k + 1)) 1 /k]. Put Ak = M x 4. 
By [lo], there is a homeomorphism K: M x (0, l] + M x (0, l/2] such that 
(1) KlA, : Ai 4 M x (0, l/2] is the “push-embedding”, i.e., K(m, t) = (m, (t/3) + 
l/6) for m E M and t E I,, and hence K(AI) = AZ, 
(2) K(Ak) = Alc+l for lc 3 1, 
(3) K is positively expansive, where we assume that M x (0, l] has the standard 
metric. 
We use the idea of shift map of graph and attractor as follows. Let X = {X,, p,,i+l } 
be an inverse sequence of compacta Xi (i = 1: 2,. . .) and maps pi,i+r : Xi+, ---f Xi 
(i = 1,2,. . .) and let 
invlimX = {(zi)z, 1 zi E Xi, pi,i+,(zi+r) = zi for each i} c fiXi. 
i=l 
Then invlimX is a topological space as a subspace of the product space RF”=, Xi. Then 
invlim X is a compactum. 
Let f : X + X be a map of a compactum X. Consider the following special inverse 
limit space: 
(X, f) = { (zi)z, 1 zi E X and f(zi+r) = xi for each i > l}. 
Define a map f: (X,f) + (X,f) by J(z,,x~,. . .) = (f(~~),x~,.. .). Then f is a 
homeomorphism and it is called the shift map of f. 
A map f : X + Y of compacta is a near homeomorphism if f can be approximated 
arbitrarily closely by homeomorphisms from X onto Y. Here, we need the following 
theorem: 
Theorem 2 [3]. Let {Xz,pi,i+l} b e an inverse sequence of compacta. Zf each bonding 
map pi,i+ 1 : X%+1 + Xi is a near homeomorphism, then invlim{Xi, p++r } is homeo- 
morphic to Xl. 
Let A be a finite closed cover of a compactum X. A map f : X + X is called a 
positively pseudo-expansive (on A) if the following conditions holds: 
(1) f is positively expansive on A for each A E A. 
(2) For A, B E A with A n B # 0, one of the following conditions holds: 
(*) f is positively expansive on A U B. 
(w) If f is not positively expansive on A U B, then there is a natural number 
k > 1 such that for each A’, A” E A with A’ n A” # 0, 
,‘(A’ u A”) n (A - B) = 0 or f”(A’uA”)fl(B-A)=0. 
Also, we need the following theorem [8, Theorem (2.31: 
Theorem 3. Let G be a (finite) graph and let f : G + G be an onto map. Then the shift 
map f:(G,f) -+ (G,f) IS ex P ansive if and only if f is a positively pseudo-expansive 
map on A for some A, where A = {e ) e is an edge of K} for some simplicial complex 
KofG. 
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Note that if f : 5” -+ S’ is a map of a circle 5” such that f is expansive, then (5” , f) 
is a solenoid and it is not movable (see [2] for the definition of “movable”). It is known 
that each subcontinuum in any surface is movable, hence (5”) f) cannot be embedded 
in any surface. 
Next, consider the one point union Hz of 2 circles, i.e., HZ = A U B, where 
A = {(z, y) E R2 ) (cc - 1)2 + y2 = l}, 
Let a’ (respectively 6) be a fixed orientation of A (respectively B). There are many 
maps f : H2 -+ Hz such that f is positively pseudo-expansive map and (Hz, f) is mov- 
able. In fact, define the map o: H2 + HZ by the following formula (see [9]): 
-+ 
(1) a’ -+ a’* b * a’, 
(2) 6+6*a’. 
Then we can see that LY is positively pseudo-expansive (see Fig. 3) and o is a homotopy 
equivalence. In fact, the homotopy inverse o-l : HZ -+ H2 is defined by 
Then (Hz, o) and (Hz, a-‘) are movable, but they cannot be embedded into the plane 
lR2 (see [9]). However, they can be embedded in T2. Note that o-l is also a positively 
pseudo-expansive map. We use essentially this fact. 
Let M be any (closed) surface. Let Bi (i = 1, . . . , n) be (closed) disjoint 2-cells 
in M and let M(n) = M - Ui Bi. Choose 2-cells Di such that Bi c Int(Di) and 
Di n Dj = 8 for i # j. Then A4 - Int(D,) has h pairs of (annular) strips and m 
twisted strips (h 2 0, 2 3 m 3 0) as in Fig. 1 (see [12, Chapter 22, Theorem 41). Put 
k = k(M, n) = 2h + m + (n - 1) and M’ = M - &i Int(Di). 
First, we consider the case M # S2, P2, K2. In this case h 3 1. Let Hk be the one 
point union of k circles (k 3 2). We may assume that H2 is a subset of Hk and let Zi be 
fixed orientations of the other (k - 2) circles. Consider the following natural embedding 
e : Hk + M’ as in Fig. 2, and take a small regular neighborhood N of the image e(Hk) 
in M’. We identify Hk with e(Hk). 
Define the map ok : Hk -+ Hk by 
(1) Qk ) H2 = Q, 
(2) 4 +a’-’ * 6-l * a’-’ * Zi * a’ * b * 6, 
foreachi= 1,2,... , k - 2. Then ak is a positively pseudo-expansive map. 
According the map ok, we can choose the following embedding & : Hk + N as in 
Fig. 3. Consider a small regular neighborhood Ni of Ek (Hk) in M’ with Ni C Int(N). 
Then the space Ni is homeomorphic to N. 
Note that M’ - (N U aM’) and M’ - (Nl u L3M’) are union of n mutually disjoint 
open annulus (E S’ x (0, I)), and moreover we see that there is a homeomorphism 
h : M’ + M’ such that h 1 a(M’) = id, h(N) = Nl , h j Hk = hk, because that the 
orientation of the corresponding pairs of annulus strips and twisted strips are preserved. 
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(l<iQn-1) 
Fig. 2. 
By using the natural retraction T : N --f Hk and the extended homeomorphism h of 
?%!k, we can construct a near homeomorphism F : M’ ---f M’ such that 
(1) FIHk = ak and Fla(M’) = id, and 
(2) for any z E M - aM’, limsup,_,Fj(z) c Hk. 
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Fig. 3. 
Fig. 4. 
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Consider the shift map F : (M’, F) + (M’ ! F). Since F is a near homeomorphism, 
we can identify (M’, F) with M’ (see Theorem 2). Then A = (HIF! F ( Hk) is a global 
attractor of F 1 M’ - i3M’. Consider a small regular neighborhood Vi of 8D, in M’. Note 
that K E 5” x [0, I]. Then we can modify F such that F: Ad’ + Al’ is an embedding 
and F 1 Vi is a push-embedding. 
Then we_ can easily define a desired homeomorphism f : M(n) + M(n) such that 
S 1 Al’ = F 1 Al’ and f-’ I (Di U Vi) - Bi = K for each i, where 
K: (Di u b$) - B, ” 5”’ x (0, l] --f (Q u Vz) - Bi 
is a positively expansive map defined by Kouno (see before). We may assume that for 
J: E M(n) - A, 
(1) limsupj_,fj(z) c A, and 
(2) limsupj_,,f-j(z) c & a(Bi). 
Then we can easily see that f is an expansive homeomorphism. 
Next, we consider the case M = P2 and n 3 3 (h = 0, m = 1). In this case, we 
may assume that the space M(n) is the space as in the Fig. 4 and we assume that HI, is 
embedded into M(n) as in the Fig. 4. 
Define the following map ok : Hk + Hk by the following formula: 
(1) a’+$‘*c’-1, 
(2) b + a - '-l*c'-l*&*jj-I 
+ ; 
(3) Z-+b*ii-‘*Z*a’*b-. 
(4) a, + g*a’-‘*z*a’*&*a-‘*z-‘*a*k’ (1 <i<k-3). 
Then we can see that the map a,+ is positively pseudo-expansive (see Fig. 5). As in 
the above case, we consider the following embedding & : Hk -+ M’ as in in Fig. 5. As 
before, we consider regular neighborhoods N, NI of Hk, (Yk(Hk) in M’, respectively, 
such that N’ c hit(N). We can see that M’- (NUaM’) and M’- (NlUaM’) are union 
of n mutually disjoint open annulus (Z 5” x (0,l)) and N is homeomorphic to N’, and, 
moreover, we see that there is a homeomorphism h : M’ 4 M’ such that h I iTI = id, 
h(N) = Nt , h I ffk = Sk, because that the strips and twisted strips of N correspond to 
the strips and twisted strips of N’, and the orientation is preserved. 
By using the natural retraction T : N -+ Hk and the extended homeomorphism h of 
&, we can construct a near homeomorphism F : M’ + M’ such that F 1 Hk = (Yk and 
F I a(M’) = id, and for any x E M’ - a M’, 
limsupj, 33 F’(X) C Hk. 
Consider the shift map 2 : (M’, F) + (M’, F). Since F is a near homeomorphism, we 
can identify (M’, F) with M’ (see Theorem 2). By using Kouno’s positively expansive 
maps and F, we can define a desired homeomorphism f : M(n) --f M(n). 
Next, we consider the case M = K2 and n 3 3. Then h = 0, m = 2. Here we may 
consider M(n,) as in Fig. 6 and Hk can be embedded into M(n) as in Fig. 6, where 
k=k(M,n)=h+m+(n-l)=n+1>4. 
Define the following map Qk : Hk -+ Hk by the following formula: 
(I) a’&*a’*&‘, 
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(2) b+c’*b*a’-‘*b*ii*b --I *c'-1 > 
(3) c’i~*a*~-‘*c’*b*a’-‘*~-‘, 
(4) e’ib*ci*k’*Z*bc&-‘*b --1*e'*g4, 
+ 
(5) di i~*ci*~-'*c'*~*~i'*~-'*~i*~ *&*g-'*z-'*G*c'*i- (l<i < k-4). 
Then we can see that the map CQ is positively pseudo-expansive (see Fig. 7). As in the 
above case, consider regular neighborhoods N, N’ of Hk, hk(Hk) in M’, respectively, 
such that N’ c Int(N). We can see that M’- (NUaM’) and M’- (N’lJ8M’) are union 
of n mutually disjoint open annulus (E S’ x (0,l)) and N is homeomorphic to N’, and 
moreover we see that there is a homeomorphism h : M’ -+ M’ such that h 1 a(M’) = id, 
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h(N) = Nt, h 1 ffk = &, because that the strips and twisted strips of N correspond to 
the strips and twisted strips of Ni, and the orientation is preserved. 
By using the same way as the above, we can define a desired homeomorphism 
f : M(n) --) A4(n). 
Finally, we must consider the case A4 = S2 and n # 3 (h = m = 0). If n = 1,2, we 
know that there is an expansive homeomorphism on M(n) (see [16] or [lo]). Let n > 4. 
We consider the map ok : Hk -+ Hk satisfying conditions (l)-(3) and (5) as in the case 
M = K2. 
By the same way as the above cases, we can construct an expansive homeomor- 
phism f : M(n) --f M(n). In this case, the attractor A is known as a Plykin S attractor 
(see [14,15]). 
The following problems still remain open: 
(1) Does an open 2-cell with 2 holes admit an expansive homeomorphism? 
(2) If M = P2 or K2 and n = 1,2, does M(n) admit an expansive homeomorphism? 
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